Abstract. Binary (periodic) aperiodic complementary sequences have been studied extensively due to their wide range of applications in engineering, for example in optics, radar and communications. They are also linked to topics in coding theory, combinatorics and Boolean functions. Complementary sequences have been generalized either by being defined over larger alphabets or by being defined from one dimension to multi-dimensions. Recently, Ding and Tarokh introduced and constructed the aperiodic complementary twodimensional arrays over the alphabet A * p = {ζ i p : 0 ≤ i ≤ p − 1, p is a prime number}, whose support set is a subset of the hexagonal lattice (mostly is a set of -layer consecutive hexagons). They demonstrated that such complementary hexagonal lattice arrays can be used on coded aperture imagining with ideal efficiency. In this paper, we study the conditions for which such complementary hexagonal lattice arrays exist. We first show that aperiodic complementary hexagonal lattice arrays over the alphabet A * p leads to aperiodic (hence periodic) complementary sequences over the alphabet Ap = A * p ∪ {0}. Then we make use of group ring equations to characterize periodic complementary sequences over alphabet Ap. As of independent interest, we show that, if the alphabet of the periodic complementary sequences is A * p , the notion of periodic complementary sequences is equivalent to the notion of certain relative difference family. The conditions for the existence of periodic complementary sequences over alphabet Ap are derived from this characterization. As a result, we determine the existence of a pair (triple) aperiodic complementary binary hexagonal lattice arrays whose support set is an -layer consecutive hexagons. A table listing the existence status for a pair of complementary hexagonal lattice arrays with 1 ≤ ≤ 20 as well as some open problems are presented.
Introduction
Let S = (s 0 , . . . , s n−1 ) be a binary sequence over alphabet {±1}. The aperiodic autocorrelation function of S is defined by A S (t) = n−1−t i=0 s i s i+t ; and the periodic autocorrelation function of S is defined by P S (t) = n−1 i=0 s i s i+t , where the addition of the indices is performed modulo n and 0 ≤ t ≤ n − 1. It is well known that the aperiodic and periodic autocorrelation functions are related by P S (t) = A S (t) + A S (n − 1 − t). By convention, we call the values A S (t), P S (t) out-of-phase if (t mod n) ≡ 0, and in-phase otherwise. More generally, we call S a p-phase sequence if S is over the alphabet A p = {0, ζ i p : 0 ≤ i ≤ p−1} (one may wonder why do we include 0 in the alphabet: this is for the convenience to state the results in Section III), where p is a prime and ζ p is a primitive p-th root of unity.
For the applications in engineering, the sequences with small out-of-phase (periodic) aperiodic autocorrelation values are highly preferred. From this point of view, the Barker sequences, whose all out-of-phase aperiodic autocorrelation values equal either 0 or 1, are the most ideal objects. Unfortunately, there are very few Barker sequences are known so far. The lengths of the known Barker sequences are 2, 3, 4, 5, 7, 11, 13; and it has been conjectured that no Barker sequences of the other lengths exist. This conjecture has been verified positively by Bernhard in [23] for the sequences of length n with 13 < n < 10 22 . Due to the scarcity of Barker sequences, several approaches of generalization have been proposed in order to discover richer patterns. In the following we briefly describe the approaches relevant to our work; readers interested in other approaches may refer to, for instance, [7, 8, [16] [17] [18] and the references therein.
In [16] , Golay proposed the notion Golay pair, which is a pair of binary sequences of the same length such that the sum of the out-of-phase aperiodic autocorrelation values are 0. It has been shown that a Golay pair exists if the length of its sequences is of the form 2 a 10 b 26 c , where a, b, c are non-negative integers and a 2 + b 2 + c 2 = 0. The existence of Golay pairs with other lengths remains open since 1961. Subsequently, in [24] , Tseng and Liu further studied a set of complementary binary sequences such that the set may contain more than two sequences and the sum of all out-of-phase aperiodic autocorrelation values are 0. Another two widely adopted approaches to generalize complementary sequences are to define the sequences over a larger alphabet, or to consider complementary d-dimensional arrays, see for example [17, 18] . In the rest of the paper, we refer complementary to aperiodic complementary unless explicitly stated. Note that periodic complementary sequences are sequences with the sum of all out-of-phase periodic autocorrelation values is zero. They have been studied in [1, 2, 14] .
Recently, in [10] , Ding and Tarokh studied the complementary two-dimensional arrays over the alphabet A * p = A p \ {0}, whose support set can be an arbitrary lattice (Defined in Section 3.1). This generalizes the complementary two-dimensional arrays considered in [18] in the sense that the support sets of the arrays in [18] are square lattices. In particular, Ding and Tarokh demonstrated that, if the support set is a particular subset of the hexagonal lattice, the corresponding complementary arrays may be used in coded aperture imaging with ideal performances. For brevity, we call an array whose support set is a subset of the hexagonal lattice a hexagonal lattice array. Several constructions of complementary hexagonal lattice arrays were provided in [10] . However, the conditions for the support sets, the number of arrays in the set and the alphabet A * p , for which this complementary set exits are unclear. It is the aim of this paper to develop more conditions for the existence of such a set.
In Section III, we define a set of points of the hexagonal lattice, which is denoted by Ω and is called -layer consecutive hexagons (Definition 1). Such sets are the most commonly chosen support sets for hexagonal lattice arrays in the application of coded aperture imaging described in [10] . Through explicitly determining the coordinates of the points in Ω , we are able to express a hexagonal lattice array whose support set is Ω by a (2l − 1) × (2 − 1) matrix with entries in A p . According to this expression and by making use of the techniques in [18] , a set of complementary sequences of length 4 2 − 6 + 3 over alphabet A p exist, if a complementary set of hexagonal lattice arrays over alphabet A * p and with Ω as the support set exits (Proposition 2).
In Section IV, we focus on the existence of the periodic complementary sequences with length n and alphabet A p (here we use the well-known fact that aperiodic complementary sequences must be periodic complementary). To explore the existence conditions, we establish an important connection between the sequences with length n and alphabet A p and the group ring elements of Z[Z n × Z p ]. We provide a characterization of the periodic complementary sequences by the group ring equation, from which yields several conditions for the existence of periodic complementary sequences (Corollaries 3,4). As of independent interest, we show that, if the alphabet of the sequences is A * p , then a set of periodic complementary sequences is equivalent to a relative difference family in Z p × Z n relative to Z p × {1} (Theorem 2). This relationship can be regarded as a generalization of the result in [2] , which points out that a set of periodic complementary binary sequences is equivalent to a difference family. To the best of our knowledge, this is the first combinatorial characterization of the periodic complementary p-phase sequences for any prime p.
In the light of the results in Sections III and IV, in Section V we focus on determining the existence of complementary binary hexagonal lattice arrays C t = {C 1 , . . . , C t } whose support set is Ω for t = 2 and 3 (Theorems 3 and 4). We provide necessary conditions on such that C 2 , C 3 exist. We give a table listing the existence of C 2 for 1 ≤ ≤ 20. Some open problems are proposed as well. We should mention that in [10] the authors provided examples of C t for t = 4.
The rest of the paper is organized as follows. In Section II, we present necessary definitions and results used throughout the paper. In Section III, we will introduce the arrays with support set is a hexagonal lattice array; and show the relationship between complementary hexagonal lattice arrays and complementary sequences. We provide the characterization of periodic complementary sequences through group ring equations in Section IV. The connection between periodic complementary sequences over alphabet {ζ i p : 0 ≤ i ≤ p − 1} and certain relative difference family is presented as well. In Section V, we study the existence of complementary binary hexagonal lattice arrays. Some concluding remarks are given in Section VI.
Preliminaries
In this section, we present necessary definitions and results that will be used throughout the paper.
2.1. Group rings and character theory. Character theory is one of the most important tools for applying group rings to combinatorial objects. In this section we only review the characters of the group ring C[G], where G ia an Abelian group. For the theory of the representation of a general group ring, please refer to [21] .
Let F be an arbitrary field (usually we take the complex field C), and let G be a multiplicatively written group. The group algebra F[G] consists of all formal sums g∈G a g g, a g ∈ F.
The addition and multiplication for elements in F[G] are defined as follows:
Moreover, we have a scalar multiplication
It is easy to verify that with these operations, F[G] is indeed an algebra over F. In the language of group rings, we identify a subset S of G with the group ring element s∈S s, which will also be denoted by S. For an element A = g∈G a g g ∈ F[G] and an integer t, we define A (t) = g∈G a g g t .
A character χ of a finite Abelian group G is a homomorphism from G to C * = C\{0}. A character χ is called principal if χ(c) = 1 for all c ∈ G; otherwise it is called non-principal. A principal character is usually denoted by χ 0 . All characters form a group denoted by G, which is isomorphic to G. The following result states the well-known orthogonal relations of characters.
Result 1 (Orthogonal relations of characters). Let G be an Abelian group. Then the following equations hold:
By linearity, we may extend each character χ ∈ G to a ring homomorphism from C[G] to C, and we denote this homomorphism by χ, again. In particular, if G is the additive group of the finite field F p n , all characters of G can be represented as follows. Define
for all x ∈ F p n , where ζ p is a primitive p-th root of unity and Tr(x) is the absolute trace function defined as Tr(x) = n−1 i=0 x p i . Then χ 1 is an additive character of F p n (i.e. χ 1 is a character of the additive group of F p n ). Moreover, every additive character χ is of the form
The following results are important properties of group rings.
. Then the following hold:
The above Inversion Formula provides a useful method for showing two group ring elements are equal. 
2.2.
Relative difference family. Let G be an Abelian group of order v and let N be a subgroup of order n. A (v, n, K, λ; u) relative difference family (RDF for short) in G relative to N is a collection of subsets of G, D = {D 1 , D 2 , . . . , D u }, such that the following equation holds for the multiset union
where K is the set of cardinalities of all the base blocks D i . In the case of K = {k}, it is called a (v, n, k, λ; u) relative difference family for brevity. If a (v, n, k, λ; u) relative difference family exists, we have
According to the Inversion formula (Corollary 1), the set D is a (v, n, K, λ; u) if and only if the following equation holds:
The notion of relative difference family generalizes previously well-studied objects in combinatorics. For example, D is called a difference family if N = {1}; it is called a difference set if u = 1 and N = {1}; it is called a relative difference set if u = 1. Relative difference families and its variants are well studied [3, 4, 6, 9, 11, 12, 15, 20, 25] . Difference families have applications in coding theory and cryptography, see for instance [5, 22] .
Complementary Hexagonal Lattice Arrays
In this section, we will first briefly review the definitions of the lattices and the (periodic) aperiodic complementary hexagonal lattice arrays. Then we show the relationship between them and (periodic) aperiodic complementary sequences.
3.1. Hexagonal lattice array. A lattice in R n is a subgroup of R n which is generated by forming all linear combinations with integer coefficients of the elements in a basis. In other words, a lattice L in R n has the form
where {e i } n i=1 forms a basis of R n . In the following we only introduce the arrays whose support set is a subset of hexagonal lattices. Interested readers may refer to [10] for the definition of the array whose support set is an arbitrary lattice. When n = 2, the lattice
. Note that some authors choose the basis vectors of A 2 as e 1 = (1, 0), e 2 = (−1/2, √ 3/2), but it is not difficult to see that {e 1 , e 2 } and {e 1 , e 2 } generate the same lattice. A hexagonal lattice array (HLA for short) over an alphabet A and with a support set Ω, denoted by C Ω,A , is a mapping
where x denotes the complex conjugate of x ∈ C. A set of hexagonal lattice arrays
} with the same alphabet and support set is called aperiodic comple-
3.2. -layer Hexagonal lattice arrays. In the application of complementary hexagonal lattice arrays to the coded aperture imagining described in [10] , the support set of a hexagonal lattice array is often chosen as consecutive layers of hexagons (defined below). We call such special hexagonal lattice arrays -layer hexagonal lattice arrays; their definition is given below.
Definition 1.
Let Ω be a set of points of the hexagonal lattice A 2 . We call Ω a 1-layer consecutive hexagon if Ω consists of only one hexagon. For > 1, if Ω is the union of the ( − 1)-layer consecutive hexagons and the hexagons adjacent with the ( − 1)-layer consecutive hexagons, then Ω is called -layer consecutive hexagons and denoted it by Ω . We call a hexagonal lattice array with support set as Ω an -layer hexagonal lattice array ( -HLA for short).
We give below the 1-, 2-and 3-HLAs to illustrate Definition 1. To compute the aperiodic autocorrelation function (defined in (4)) for an -HLA, in the following result we give the coordinates of the points (using the chosen basis vectors e 1 = (1, 0), e 2 = (1/2, √ 3/2) of A 2 ) in the support set Ω (defined in Definition 1). Furthermore, we make use of a (2 − 1) × (2 − 1) matrix to represent an -HLA. The proof of the following result may be given by induction on , we omit the details here due to its simplicity.
Proposition 1.
Let Ω be the -layer consecutive hexagons. The set of the coordinates of the points in Ω (by abusing our notations, we still use Ω to denote the set of coordinates) is
An -layer hexagonal lattice array can be represented by a 2 −1 by 2 −1 matrix T defined as
where the rows (resp. columns) are indexed from −( − 1) to − 1 from top to bottom (resp. left to right).
By Proposition 1, the aperiodic autocorrelation for an -HLA C can be computed as
where Ω is defined in (5) . Let us use a 2-HLA to illustrate Proposition 1.
Example 1. Given a 2-layer hexagonal lattice array below, the set of the coordinates of the
Now we define a 3 by 3 matrix T 2 as described in (6) . If the point with coordinate (i, j)
x y belongs to Ω 2 , say x k , the element T 2 (i, j) is then x k . Thus, we get 
Then, for any integer α, β, we have the following relationship between the aperiodic autocorrelations
Therefore, the sequence set S = {S 1 , . . . , S t } is aperiodic complementary if C is aperiodic complementary.
Proof. For simplicity, we denote C Ω ,A i
The aperiodic autocorrelation function of C i is computed as equation (7). Since shifting the support set of C i will not change the autocorrelation function values (see [10, Lemma 1]), we may assume the support set of C i to be Ω + ( − 1, − 1), and still denote this set by Ω . Note that for s = (i, j) ∈ Ω , we have 0 ≤ i, j ≤ 2( − 1). By Proposition 1, for the points with coordinates (i, j), where 0 ≤ i, j ≤ 2( − 1) but (i, j) ∈ Ω , the corresponding element in the matrix T (defined in (6) ) is 0, therefore we may compute the autocorrelation function for C i as
Note that any integer t in the range [0, (2 −1) 2 −1] can be represented uniquely in the form u(2 − 1) + v for some 0 ≤ u, v ≤ 2 − 2. Also note that when we compute the aperiodic autocorrelation function for the sequence S i , we take S i (t) = 0 for t ∈ [0, (2 − 1) 2 − 1]. Now for each t = α(2 − 1) + β, 0 ≤ α, β ≤ 2 − 2, we have
The last statement of the theorem is clear from the above equation.
Remark 1.
If the alphabet of an -HLA is A, then the sequence obtained from an -HLA described in Proposition 2 has the alphabet A ∪ {0}.
Let us use the 2-HLA stated in Example 1 to illustrate how to obtain a sequence from an HLA as described in Proposition 1.
Example 2. Let
One may see from the matrix representation of an -HLA (6) and the definition of the sequence S from an -HLA (8) Proof. Note that for the sequence T we have
Similarly, one may show that A T (α) = 0 for b ≤ α ≤ 2a + b − 1. Now assume S is a set of aperiodic complementary sequences, then
which follows that T is a set of aperiodic complementary sequences. The converse part is similar and we omit it here.
Thanks to Proposition 3, we will consider the shortened sequence S of length (2 −1) 2 − 2( − 1) = 4 2 − 6 + 3 obtained by removing the first and last consecutive 2( − 1) zeros in the rest of the paper. By abusing the notations, we still use S to denote this shortened sequence.
The following result will be used later to show the non-existence of complementary -HLAs.
Corollary 2.
If there exists a set of t aperiodic complementary -HLAs over alphabet A, then a set of aperiodic complementary sequences of length 4 2 −6 +3 over alphabet A∪{0} also exists. Moreover, there exists a set of t periodic complementary sequences of period 4 2 − 6 + 3 over alphabet A ∪ {0}.
By Corollary 2, one can see clearly that if a set of t periodic complementary sequences of period 4 2 − 6 + 3 over alphabet A ∪ {0} does not exist, then a set of t aperiodic complementary -HLAs over alphabet A does not exist either.
Characterization of Periodic Complementary Sequences by Group Rings
First we fix some notation to be used in remaining sections. Let p be a prime and A p = {0, ζ i p : 0 ≤ i ≤ p−1}, where ζ p is a primitive p-th root of unity. Let A * p = A p \{0}. As mentioned in the previous section, the non-existence of periodic complementary sequences with period 4 2 − 6 + 3 and over alphabet A p implies the non-existence of aperiodic complementary -HLAs over alphabet A * p . In this section, we will make use of group rings to study periodic complementary sequences with period n and alphabet A p . In particular, we show that a set of periodic complementary sequences with period n and over alphabet A * p is equivalent to a relative difference family in the group Z p × Z n relative to Z p × {1}.
Periodic complementary sequences.
Let S = {S 1 , S 2 , . . . , S t } be a set of sequences. All sequences S i have the period n and alphabet A p . We may write each sequence S i in the following form
where a i,j ∈ {0, 1}, b i,j ∈ {0, . . . , p − 1} for 1 ≤ i ≤ t and 0 ≤ j ≤ n − 1. If a i,j = 0, we may choose any b i,j ∈ {0, . . . , p − 1} which gives the same value of a i,j ζ b ij p . Without loss of generality, we assume b i,j = 0 when a i,j = 0. For each S i , we define an associated sequence T i = {a i,0 , a i,1 , . . . , a i,n−1 } over alphabet {0, 1}. Now, let us define a group G = Z p × Z n , where Z p = g and Z n = h . For each S i , we introduce a group ring element
Given a character θ α of the group Z p defined by θ α (g) = ζ α p (α ∈ {0, . . . , p − 1}), it is easy to see that θ α (D i ) = n−1 j=0 a ij ζ αb ij p h j . The above arguments relate a set of sequences {S 1 , . . . , S t } to a set of group ring elements {D 1 , . . . , D t } in Z[G], which enables us to make use of the group rings to characterize the periodic complementary sequences. To present the main result of this section, we need the following two lemmas.
, where p is a prime. Then χ(X) = 0 for any non-principal character χ of Z p if and only if there exists an integer n such that X = nZ p .
Proof. If X = nZ p , then by Result 1, clearly χ(X) = 0 for all non-principal characters χ. Conversely, assume that
. . , ζ p−1 } forms the integral basis of the algebraic integer ring Z[ζ p ], we have a 0 = a 1 = · · · = a p−1 and therefore X = a 0 Z p , which completes the proof. 
where P T i (u) is the periodic autocorrelation function of the sequence T i .
Proof. For simplicity, we denote (10), by noting that χ(X u ) = t i=1 P T i (u), we get:
where the second last equality uses Lemma 2 and
Therefore we have χ(LHS)
Finally, if χ is not principal on Z p , namely χ = θ α η β with α = 0, we have that
where σ α ∈ Gal(Q(ζ p )/Q) is defined by σ α (ζ p ) = ζ α p and the last equality uses the property that S is a complementary set of sequences. On the other hand, it is easy to check that χ(RHS) = t i=1 k i . This completes the proof. Theorem 1 characterizes the periodic complementary sequences by a group ring equation. By exploring this equation using number theory techniques, we obtain the condition for the existence of complementary sequences over the alphabet A p . The following results are obtained from Theorem 1. We will make use of them to provide the conditions for the existence of complementary -HLAs in the next section.
Corollary 3. Assume S = {S 1 , . . . , S t } is a set of periodic complementary sequences, where each S i has period n and alphabet A p . Then the following holds:
(1) p must be a divisor of We give several remarks on Theorem 1 and Corollary 3 below.
Remark 2. In Theorem 1, the condition that p is prime is necessary. For instance, we computed the pair of complementary quaternion sequences listed in [21, page 76] and found that none of them satisfies the group equation (10) .
Let us give an application of Corollary 3 to show that there does not exist a pair of aperiodic complementary 2-HLAs over alphabet A * p for any prime p. This result was also given in [10] but with a more tricky proof. Proof. By Corollary 2, a pair of aperiodic complementary 2-HLAs over A * p will lead to a pair of periodic complementary sequences of length 7 over A * p (note that the alphabet is not A p since from the matrix T 2 in Example 1 we may see the shortened sequence from a 2-HLA is (x 4 , x 3 , x 5 , x 0 , x 2 , x 6 , x 1 ) with alphabet the same as the 2-HLA). By Corollary 3(1) we have p | 2 · 7 since P T i (u) = 7 for all 1 ≤ u ≤ 6 and i = 1, 2. Thus there does not exist a pair of periodic complementary sequences with length 7 unless either p = 7 or p = 2. By Corollary 3(2), a pair of binary periodic complementary sequences does not exist since 7 + 7 = 14 is not the sum of two squares. Furthermore, using MAGMA we performed an exhaustive search on a pair of sequences with period 7 and alphabet A * 7 ; and we found that such a pair of periodic complementary sequences does not exist.
When the alphabet of each sequence S i is A * p , we have the following result which is of independent interest. Theorem 2. Assume S = {S 1 , . . . , S t } is a set of sequences with length n and alphabet A * p , where p is a prime. Then S is a set of periodic complementary sequences if and only if D = {D 1 , . . . , D t } is a pn, p, n, tn p ; t relative difference family in G = Z p × Z n relative to Z p × {1}, where D i is defined as in (9) . Equivalently, the following group ring equation holds
Proof. It is easy to see that if the alphabet is A * p , then: (i) k i = n; (ii) T i = (1, . . . , 1) and P T i (u) = n for 1 ≤ i ≤ t, 1 ≤ u ≤ n − 1. Therefore, by Theorem 1, we have that
The proof is completed.
Remark 3. When p = 2, the characterization of periodic complementary sequences using difference family was given by Bömer and Antweiler in [2] . Therefore we can regard Theorem 2 as a generalization of their result.
We have the following immediate result.
Corollary 4. Assume a set of t periodic complementary sequences of length n and alphabet A * p exits, then p | tn.
Existence of Aperiodic Complementary Binary Hexagonal Lattice Arrays
In this section we will provide the conditions for the existence of aperiodic complementary binary -HLAs C t = {C 1 , . . . , C t }. It is worth to mention that Ding and Tarokh in [10] found an example when = 2 and t = 4. In this section we provide the conditions for the existence of C t when t = 2 and 3. Lemma 4. Let C be an -layer hexagonal lattice array, then there are 3 2 −3 +1 elements in C .
Proof. Recall that the coordinates of the points in an -HLA are determined in (5) . Then the number of points in the support set Ω is
This completes the proof. Now we can state the following theorem. One may see from Table 1 Table 1 . Proof. By Lemma 5, it is clear that 3(3 ( − 1) + 1) is not the sum of three squares if 3(3 ( − 1) + 1) is of the form 4 a (8b + 7). In this case it follows from Corollary 3(2) that there does not exist a set of 3 periodic complementary binary sequences which the sum of the sizes of the support sets equals 3(3 ( − 1) + 1). This will further show the nonexistence of a set of 3 aperiodic complementary binary -HLAs by Corollary 2. Now assume 3(3 ( − 1) + 1) = 4 a (8b + 7) for some a, b. Since 3(3 ( − 1) + 1) is odd, the assumption is equivalent to 3(3 ( − 1) + 1) = 8b + 7. After simplification we get 9 ( − 1) − 4 = 8b, hence ( − 1) ≡ 4 mod 8. The rest of the proof is routine by checking only when ≡ 4, 5 one may get ( − 1) ≡ 4 mod 8.
We run a computer experiment to search for an aperiodic complementary triple set C 3 = {C 1 , C 2 , C 3 } for = 2 and found no such a triple set exists. The complexity for an exhaustive search for the case = 3 is 2 57 (since by Proposition 4 each 3-HLA has 19 elements). We leave the following open problem. 
Conclusions
In this paper we explore the conditions for the existence of aperiodic complementary hexagonal lattice arrays over the alphabet A * p = {ζ i p : 0 ≤ i ≤ p − 1}, whose support set is a set of -layer consecutive hexagons. We call such a hexagonal lattice array an -HLAs for short. We first show that aperiodic complementary -HLAs lead to aperiodic complementary (and hence periodic complementary) sequences over the alphabet A p = A * p ∪ {0}. Through relating the sequences of period n and the alphabet A p to group ring elements in Z[Z p ×Z n ], we provide a characterization of periodic complementary sequences by group rings. As of independent interest, we show that set of t periodic complementary sequences with period n and the alphabet A * p is conceptually equivalent to a (np, p, n, tn p ; t) relative difference family in Z p × Z n relative to Z p × {1}. Let C t = {C 1 , . . . , C t } be a set of aperiodic complementary binary -HLAs. Thanks to the aforementioned characterization of periodic complementary sequences, we are able to give conditions for the existence of C t when t = 2, 3. Note that Ding and Tarokh in [10] provided examples of aperiodic complementary binary 2-HLAs when t = 4.
There are some cases of that we cannot determine the existence of a pair or a triple of aperiodic complementary binary -HLAs. For a pair (resp. a triple) of aperiodic complementary binary -HLAs, the smallest undermined case of its existence is = 4 (resp. = 3). It will be interesting to develop more conditions to exclude, or to provide constructions of them for these cases. We leave two open problems (Problems 1 and 2) for the future research.
